We consider new issues of duality in four-dimensional Lorentz-breaking field theories. In particular, we demonstrate that the arising of the aether-like Lorentz-breaking term is necessary in order for the 4D models to display the duality analog between the MCS and self-dual models in 3D. We further study the dispersion relations in both theories and discuss the physical contents of the models involved in this new dualilty.
I. INTRODUCTION
The duality between two different field theory models is an important concept allowing for mutual mapping of theories possessing essentially different actions. In three dimensions, the duality was initially established for the free self-dual and Maxwell-Chern-Simons theories [1] . Later the duality was observed for a wide class of extensions of these theories, including coupling of the self-dual and Maxwell-Chern-Simons fields to the scalar [2] and spinor matter [2, 4] , nonlinear generalizations of these models [5] , their noncommutative extension [6, 7] , including of the Lorentz symmetry breaking [8] , and supersymmetric extension constructed on the base of the superfield formalism [7, 9] . Beside of these generalizations of the self-dual and Maxwell-Chern-Simons theories, the duality was also established for the higher-derivative models [10] and higher-rank tensor field models [11] .
In all the examples above, the 3D duality involved the presence of the Chern-Simons term. However, the possibility of Lorentz symmetry breaking opens new perspectives for implementation of this kind of duality in four-dimensional field theories. The key idea consists in using of the Lorentz-breaking Carroll-Field-Jackiw (CFJ) term [12] which is a Chern-Simons-like term defined in four dimensions and possessing the gauge symmetry similarly to the Chern-Simons term. In this paper we establish duality between four-dimensional analogs of the self-dual and Maxwell-Chern-Simons theories where the Carroll-Field-Jackiw term is used instead of the Chern-Simons term.
The paper is organized as follows. The Section 2 is devoted to the development of the gauge embedding method for the Lorentz-violating self-dual theory which leads to an aether-like generalized electrodynamics. In Section 3 the propagators and dispersion relations in the new theory are analyzed. The Section 4 is devoted to detailed study and comparison of the massive modes in both theories, and in the section 5 the duality is confirmed by use of the inverse mapping of the new theory to the Lorentz-breaking self-dual theory. In the Summary, the results are discussed.
II. GAUGE EMBEDDING FOR THE LORENTZ-BREAKING SELF-DUAL

THEORY
Let us consider the gauge embedding of the four-dimensional Lorentz-breaking self-dual theory. This model has the Lagrangian
where f a is the self-dual vector field, b a is a mass dimensional constant vector breaking the Lorentz symmetry, and j a =ψγ a ψ is a current formed by spinor field ψ. This Lagrangian is a natural four-dimensional generalization of the three-dimensional self-dual action [2] , in which the Chern-Simons term is replaced by its four-dimensional Lorentz-breaking analog [13] .
It is interesting, at this junction, to check that this 4-dimensional extension indeed share the self-duality property of its 3D analog. The equations of motion for this theory look like
which plays the role of self-duality condition and also shows that the self-dual field satisfy the conditions
If we apply the self duality condition again on the right hand side of (2) we obtain
which, after using conditions (3) diagonalizes to become
One can find that the Lorentz-breaking Chern-Simons-like term − 
with ξ is a gauge parameter. So our aim is to construct the gauge theory on the base of the model (1) . To do this we follow the gauge embedding formalism [2, 3] . We start introducing the Euler vector which is the kernel of the equation of motion:
Under the gauge transformations (5) the variation of this vector is δK a = m 2 ∂ a ξ. The first-order iterated Lagrangian is introduced as
where Λ a is a Lagrange multiplier. Since the variation of the initial Lagrangian is δL = δL SD δfa δf a = K a ∂ a ξ, one can suggest the transformation for Λ a to be δΛ a = ∂ a ξ and write down the variation of L (1) as
Thus, we have the second-order iterated Lagrangian of the form
whose variation is equal to zero if and only if δ∆L (2) = m 2 Λ a δΛ a , or, as is the same,
Thus, the whole second-order iterated Lagrangian is
We can eliminate the Lagrange multiplier Λ a via its equations of motion
which gives the second-order iterated Lagrangian of the form
Substituting here the Euler vector K a from (6), we arrive at
Multiplying the Levi-Civita symbols, for the signature (+ − −−), introducing the stress 
We note that this theory becomes trivial in the Lorentz-covariant limit b a = 0, which is very natural since the initial self-dual action (1) possesses nontrivial dynamics only for non-zero b a . This action is composed by the following terms: the CFJ term, the Thirringlike current-current interaction, a magnetic non-minimal coupling, the Maxwell term and finally a new term described below.
The arising of the new, CPT-even Lorentz-breaking term
result. This is a perfect example of the aether-like terms which probably are very important in the context of the presence of the compact extra dimensions [14] , note however that in our case this term arises already in four-dimensional space-time. Further we will refer to this term as to the aether-like term, and to this theory as to the electrodynamics with aether-like term. We note that some implications of presence of the aether-like term were discussed in [15] in the phenomenological context; however, the complete action studied in [15] was not gauge invariant. Also, the aether-like terms, in particular, in the case of the electrodynamics, were shown in [16] to arise as perturbative corrections in different dimensions.
III. PROPAGATOR AND DISPERSION RELATIONS IN THE ELECTRODY-NAMICS WITH AETHER-LIKE TERM
Let us study some properties of the theory described by the Lagrangian (15), involving the aether-like term. First, we can find the equations of motion for the Lagrangian L ED :
We find that if |b| ≃ m, and the mass m is high enough, the Maxwell term together with new Lorentz-breaking term would be the dominant ones. Second, we can find a propagator for this theory. To do this, we can, following [17] , split the vector field into longitudinal and transversal parts:
with ∂ aĀ a = 0. As a result, the Lagrangian (15), in the case of zero currents, takes the form
We note that the λ dependent (longitudinal) part of the Lagrangian totally vanishes. It remains to find the inverse operator to
Straightforward calculations show this inverse operator G bc (such as ∆ ab G bc = δ a c ) to be
with
Here
The X 2 and X 5 have more complicated structure:
It is easy to see that these expressions have the common denominator
So, these expressions, after Fourier transform, correspond to the following dispersion relations:
Thus, there are two possibilities:
One can see that the time-like b µ = (b 0 , 0) in the case (i) does not correspond to physically consistent dispersion relations (the space momentum would be zero with no relation to energy), and in the case (ii) the momentum satisfies the relation
with the energy is not determined.
As for the space-like case, for example b µ = (0, b), in the case (i) it gives the dispersion relations ω 2 = | k| 2 sin 2 θ, where we have used the relation: b · k = | b|| k| cos θ, with θ be an angle between b and k, and in case (ii) the energy satisfies the relation
However, we note that the Lorentz symmetry breaking cannot be considered as small correction to the standard dispersion relations. We find that in the case of the plane wave orthogonal to the b vector, we have the usual Lorentz-invariant massless dispersion relations ω 2 = k 2 in the case (i) and usual Lorentz-invariant massive dispersion relation
| b| 2 in the case (ii).
IV. MASSIVE MODES OF THE SELF-DUAL MODEL
Now, to confirm the duality, let us study the spectrum of the self-dual model. It is necessary (see for example [8, 18] ), that the physical sectors of the spectra of dual models should coincide. Let us discuss the problem of massive modes in the self-dual model, whose Lagrangian is given by (1) . The equations of motion corresponding to this
Lagrangian are
To find the spectrum of the A µ field, we recall the following conditions that identically satisfied by the equations of motions (28)
and iterate (28) to obtain
Here the marked terms vanish under conditions (29) (the underbrace) and (30) (the overbrace). The remaining term is
which we can rearrange as
This expression after the Fourier transform gives exactly the second relation (25) of the electrodynamics with the aether-like term (15) , that is, just the theory generated via the gauge embedding of the self-dual model (1). Therefore we can conclude that the duality of these models is confirmed via coincidence of their dispersion relations. We note that the coincidence of physical spectra of both models is also a sufficient condition to confirm the duality [18] . Now, let us develop an adequate treatment of this expression, and hence, of the physical spectrum of both models. To do it, let us recall some properties of the Maxwell model.
The equation of motion in the "Lorentz gauge" looks like
Now let us introduce the plane wave ansatz: f µ = e µ exp(ik ν x ν ), with
The group velocity is v g = dω dk = ±1, i.e. exactly the speed of light in a vacuum.
In the Proca theory, the equation of motion is
that is, the usual relativistic dispersion relation for the massive case. The velocity of the particle is
This velocity is always less than the speed of light, so we can convince ourselves that the theory is massive.
In our case,
which yields k. It allows us to rewrite the above expression as
with the solutions of these equations look like
so, the group velocity is
Let us discuss following characteristic situations:
1. θ = 0, and the k is parallel to b
or, in terms of the original variables,
One can see that the propagation is chiral, i.e. velocity can be either positive or negative, but not two possibilities simultaneously. Other important conclusion is that the photon has a constant velocity, possessing at the same time a non-zero rest mass. If b < λ (i.e.
b µ is time-like), the photon propagates in a superluminal manner. If b > λ, it propagates with a velocity less than the speed of light. For b = λ, the photon propagates with an usual speed of light despite it has a mass (this phenomenon also takes place in the two-dimensional Lorentz-breaking scalar field theory model [19] ).
2. Let θ = π/2, k is orthogonal to b, and α < 1:
For α < 1, the maximal possible velocity is √ 1 − α 2 . For α = 0, it is an usual behaviour of the massive vector field.
3. α = 0, only space component. , whereas ω totally decouples and does not depend on k, so v g = 0.
Again, the propagation is chiral, i.e., the velocity is either positive or negative, but not two cases simultaneously. Also, the photon has a constant velocity and the non-zero rest mass. The velocity is always less than the speed of light except of the case θ = 0 where the photon propagates with the speed of light despite it has a mass.
V. INVERSE MAPPING OF THE AETHER-LIKE TERM
In this section we show by a direct calculation that the electrodynamics with the aether-like term is the dual formulation of the Lorentz-breaking self-dual theory.
First, it is interesting to construct the dual of the simple aether-like model (without the CS-like term) whose Lagrangian is
with b a a vector implementing the Lorentz symmetry breaking and
This Lagrangian can be rewritten in a reduced order form, with the introduction of an auxiliary field π a :
We can eliminate A a via its equations of motion:
which yields π a = ∂ a φ + b a ψ. Substituting this expression into the Lagrangian (51) we
We further eliminate the ψ field via its equation of motion:
thus, our Lagrangian takes the form
It is well known that the usual (Lorentz symmetric) 4D abelian gauge theory is self-dual, that is, its dual formulation is another 4D abelian gauge theory of the same form. It is thus interesting to note that even though (49) is a (Lorentz violating) 4D gauge theory, its dual formulation is in terms of a scalar field. This of course can be immediately traced to the presence of the massive Lorentz violating vector parameter b a and its role in the above derivation, effectively reducing the rank of the auxiliary field π a .
Remembering that the (Lorentz symmetric) 3D Maxwell gauge theory is dual to a 3D scalar theory, it seems that the presence of the Lorentz violating parameter b a gives a 3D
flavor to these 4D gauge theories. In fact we will now see that this analogy carries on to another famous 3D duality. Consider the complete theory involving both aether-like term and the Carroll-Field-Jackiw term. However to check the duality it is enough to consider the currrent-free case,
whose equivalent reduced form is
We eliminate A a via its equations of motion:
whose general solution has the form
with φ, ψ arbitrary scalar fields. Substituting this expression into the Lagrangian above we find that its two last terms vanish, and the final expression looks like
This is exactly the self-dual Lorentz-breaking action (1) and is the analog in 4D of the well known 3D self-dual action [20] . Noting that the starting action is, similarly, the 4D analog of the 3D Maxwell-Chern-Simons action [21] , the duality we just proved is the exact analog of the famous Maxwell-Chern-Simons / Self-dual duality [22] . This confirms the duality of the Lorentz-breaking electrodynamics with aether-like term and the self-dual Lorentz-breaking theory.
VI. SUMMARY
In this work we have established the duality between the four-dimensional Lorentz violating self-dual theory defined by (1) and the four-dimensional Lorentz violating gauge theory defined by (15) . This was done by first embedding a gauge symmetry in the nongauge theory (1) . It turns out that this procedure does not alter the physical properties of the theory, if defined in a topologically trivial space, since all the gauge redundancy is of a topological origin. The equivalence between these two theories was further confirmed by a study of its spectrum and physical properties as displayed in their dispersion relations.
We have also provided a direct computation of the duality for the free case.
This result can be understood as a natural generalization of the well known MaxwellChern-Simons/Self-dual duality in three-dimensions. In fact, as it happens in 3D, this is an important result establishing the equivalence between a gauge theory and a non-gauge theory, with the extra gauge redundancy information also of a topological origin.
It is important to note that the analogy is far-reaching indeed. The Maxwell-ChernSimons theory is an effective theory for low energy QED in 3D, with the Chern-Simons term stemming from radiative corrections originating from the Parity violating fermionic masses. The Chern-Simons term is the first term in a derivative expansion of the fermionic determinant. Similarly, the Lorentz violating gauge theory (15) can be understood as an effective theory for the Lorentz violating QED in 4D. The CPT-odd Carroll-Field-Jackiw term is the first in a derivative expansion of the CPT-odd fermionic determinant. A study of the duality properties of the Carroll-Field-Jackiw theory, that is, without the aether term, was pursued by some of us in [23] . The present result shows that a much more complete analogy with the 3D counterpart can be attained if the aether term is taken into account as well. This is only natural in an effective field theory framework, where the lore is to keep all the terms allowed by the symmetries of the theory up to the given order.
The ether term is the next non-trivial Lorentz violating term in the derivative expansion of the fermionic determinant up to second order and so it must be present.
